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Chapter I

Preliminary results

1.1 Introduction

Complex analysis is a branch of mathematics that has various scientific and

techni.cal applications.

From the beginning ofthe XX-th century both real and complex analysis

have gone ihrough major development due to natural internal progress or to

satisfy the needs of different branches of mathematics or even other sciences.

The basics of geometric theory of functions of one complex variable, with

roots in the XIX-th century or even earlier, were set by the work ofP. Koebe

(1907) and L. Bieberbach, whose famous conjecture from 1916 was proved

only in 1984 by Louis de Branges. The analytic functions of one complex

variable are the ideal model for geometric transformations ofthe plane.

One ofthe most important centers in the field of geometric theory of func-

tions was in CIuj, where G. Cilugdreanu obtained some important results in
1931, establishing the first necessary and sufficient conditions of univalency

expressed by coefficients.



CHAPTER 1. PRELIMINARY RESULTS

One of the fields that aroused the interest of a large number of mathe_
maticians aI] over the world was that of the geometric theory of functions
of one or several complex variables, a special branch of complex analysis. In
this field there are some very interesting problems to study as those refer_
ring at differential subordinations, integrai or differential operators for some
classes of functions, other properties of some classes of analytic, univalent or
multivalent functions, some ofthem with negative coefficients.

The school of complex analysis from Cluj, under the leadership of pro_
fessor Petru T. Mocanu contributed with some important results. Mocalu,
together with s. s. Miller, introduced the method ofilifferential subordination
also known as method of admissible function. Their rnethod was further.de-
veloped by other mathematicians who demonstrated in a much simpler way
some classical results in this area, adding expansions, and even new results
to the study of several integral operators, conditions for starlikeness and
convexity, preserving of some geometric and analytic properties of several
integral and differential operators. At this moment the theory of differen-
tial subordinations is studied and successfully used by mathematicians all
over the world, t'rom U.S.A to Germany, poland, Turkey, India, China, Japan,
Canada, Malaysia or Egypt.

Miller and Mocanu introduced also the notion of differential superordina-
tion, dual notion ofthe differentiai subordination. The theory ofsubordination
chains is one ofthe most modern theories ofcomplex analysis that give new
research directions for some important problems related to univalent func_
tions.

Another recent research method is based on the use of some conditions of
coefficients developed in power series of analytic functions (with positive and
negative coefficients). Using this method some well appreciated results were
obtained, cited by mathematicians all over the world. Nowadays the complex
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1.1. INTRODUCTION

analysis is well represented in Cluj through the activity of scientists as G. $.
SdlAgean, G. Kohr or T. BulboacS, as well as irl other u:riversity centers of
Romania.

The present book contains five chapters.

In Chapter 1 we present the historical background of the geometric

function theory and we give some basic notations and preliminary results.

Chapter 2 (Aaalytic functions with varying arguments) contains four
subchapters. In this chapter we study some properties of certain class of ana-

\'tic functions with varying arguments defined by Ruscheweyh and SilSgean

derivative and the comhination ofthese derivatives.

Chapter 3 (Analytic functions) This chapter is dedicated to the study

of coefficient bounds and Fekete-Szeg6 problem for new classes of anaiytic

functions with varying argurnents defined by SilSgean integro-differeniial

operator.

Chapter 4 (Differential suborfinations and superordinations) contains

six subchapters.

In the first subchapter we consider the 91" :.4 - &,
9In f (z) = (l- L)9 f(z)+LI"f(z) linear operator, where 9D is the Sdldgean

differential operator and fz is the Sdligean integral operator. We study

several differentiai subordinations generated by 91" aod we introduce a

class ofholomorphic functions lf; (p), and obtain some subordination results.

In the second subchapter we define the operator O!'i rA - A,given by

o!'i'" f <.1= <t- a - F)fru o, f(z) + asv a!fz)+ BqnQlf Q), for z etJ, where

4" is the Ruscheweyh derivative, Qn is the SXISgean operator, O] is a frac-

tional differintegral operator introduced by S. Owa and H. M. Srivastava,

6 = lf e -4(U): f (zl = z +azz2 +aezg + ...,2 ell\, a,p>0,v > -1,
n € No = {0,1,2,3,...},-oo <,l < 2. A certain subclass of analvtic furrctions in
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the open unit disk, .q:,,;,"(6), where 0 < 6 < 1, is introduced using the new op_
erator. We obtain some properties of the class Al,,;6\ and some differential
subordinations using the operator ,t),i., 

.

In the third subchapter we use the gI" operator defined in the first
subchapter. we give some results and applications for differentiar subordi-
nations and superordinations for anabrtic functions and we will determine
some properties on admissible fulctions defined with the new operator.

The next part is dedicated to the presentation of Loewner chains and
their utility in obtaining new univalence criteria.

In the fifth subchapter we study the properties of the image of some
subclasses of starlike functions, through the generalized Bernardi _ Libera
- Livingston integral operator. A new subclass of functions with negative
coeffrcients is introduced and we study some properties ofthis class.

In the sixth subchapter we determine the radius of convexity of particuJar
functions. The obtained results will be used to deduce sharp estimations
regarding functions which satis$r a second order ilifferential subordination.
A lemma regarding starlikeness is deduced which invorves the notion of
convolution. This lemma is used in order to obtain a sharp starlikeness
condition.

In Chapter 5 (llarmonic functions), with two subchapters, we investigate
several classes of harmonic funclions with varying argument ofcoefftcients.
Properties as the coefficient estimates, distortion theorems, convolution prop_
erties, radii of convexity, starlikeness zrnd the closure properties of these
classes under the generalized Ber.nardi-Libera-Livingston integral
operator 9,(f), (c > -t) which is defined by J4"(/) = g"(h) +EJe) where

s"(h)(z) = ! [ r-,or,ro, u,u
0

-r1 .
elgt(21= zu 

J 
t"-r*nat

0
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1.2. DEFINITIONS AND NOTATIONS

are investigated.

1.2 Definitions and notations

Let R be the field ofreal numbers. Also let N = {1,2,...} be the set of natural
numbers, No - N u {0} while Z is the set of integers.

Lei C be the complex plane, C* = C \ {0} and let Coo = C u {oo} be the
extended complex plane.

Let,U(zs,r)= {z eC.:lz - z0l < r} be the open disk ofradius r > 0, centered at
z6 €C..

The closure of U(26,r) will be denoted by D1e6, r) = lz eC: lz - z6l < r) and its
bourrdary by dU( z6,r) = lz e C.:lz -zol = rl. Let u \zo,r) = tl12t,7111.t1.
The disk U(0,r) is denoted by U, and the unit disk is denoted by Ut=U =
{zeC.:l2l=7a11.

Definition 1.1. [26] A complex-valued function f : G - C. (G open set) of a

complex variable is differentiable at a point z6 e G if it possesses the complex

derivative at z6:

/'{e6) = lim l(z\-f(zd to'z+20 z - zo

Definition 1.2. A function is analy'tic if and only if its Taylor series expansion

about z6 converges to the function in some neighborhood for every z6 in its
domain:

Definition 1.3. A complex-valued fiurction f :G-C. (G open set)of a com-

plex variable is called a hoiomorphic function at z6 if it is differentiable
at every point in some neighborhood of zo. Let G c C be an open set. We

denote by fI(G) the set of holomorphic functions defined on G with values
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in C. Holomorphic functions on the whr.rle complex plane are called entire
functions.

Let IJ(U) be the set ofholomorphic functions in U.
ForaeCandzeN, let

HIa,nl=If e trI(U'): f (z\ = 67 a qo"" * ...1

and

g" = lf e H (U) : f (z) = z + a o*tzo+I + ...\, tnt} & = g4.

The Taylor series expansion of a fun.ction / e .d is :

(1.1) fQ)="*Lou"u.

1.3 Univalent functions

Definition 1.4. [26] A single-valued function / e IJ(D) is saicl to be univalent
(or schlicht) in a domain D c C if / is injective (it never takes the same value
twice). We denote by I1,(D) the class of univalent functions in D.

Theorem l.l. t39l If f € H"(D) then ft(z)lO, yz eD.

Corollary l.l. [56], [36] (Noshiro-Wq,rschauski-Wolff theorem)
If D is a conuex domain and f e H(D) such that vlf t(z)> 0, for any z eD, then
f e H"(D).

We denote by S - lf e : f e Hu(u)] the class of urrivalent function in the
unit disk U normalized by the conditions /(0) = /,(O) - f = O.

Denote with S* the class of starlike functions in U:

(r.2) s. - \r. a,n414>0, ze u|, s-.s.
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x=\r.a 'n{9+t>0, zeul,Kcs* cs

Denote with K the class of convex functions in II:

( 1.3)

Definition 1.5. Let r1 be the radius of convergence ofthe function /- The
radius of convexity ofthe function / is

with .4 = dt.

is:

(1.4)

Deffnition f.6. (t561, def .3.5.!) Let / andg be analytic functions in U. We

say that the fulction / is subordinate to the function g, if there exists a
function u.r, which is analytic in f.I and w(O) = O.lw(z)l < I;z etJ, such that
f(2) = g(w(z\); Vz e U. We denote by < the subordination relation. If g is
univalent, then / < g if and only if /(0) = e(0) and /(U) c g(U).

1.4 Differential and integral operators

I)efinition 1.7. [94]
For f e d, n e N6, the Sitigean differential operator gD is defined by

9n:&-d,
go f(z) = f (z),

9L 11zS = t7' 1'1,

9"*11121= s19"f (z))' ,z eu

Remark l,l. If f e & and. f (z) = z + i ou"u, th"n

9" f (21 = 2 a I k" a 1,2k, z e tJ.

7

( 1.5)



CHAPTER 1. PRELIMINARY RESULTS

Definition 1.8. t94l

For / e .c/,2 e Ns, the Sil5gean integral operator 1" is defined by

to f(")= f("),

11 flzt= ry1z1= [' 11Lyrrat,...
JO

I"+r fQ) = I (1" f (z)),2 eu

11 is the Alexander operator used for the first time in [7] and In operator
is called the generalized Alexander operator.

Remark 1.2. If f e.& and f (") = z + i ou"u, thn

(1.6)

z € U, n E No and z (1"+L S 1z\)' = I" f (z).

Renrark 1.3. We have ?nlnf(z)=1"9"f(z)= f(z), f e &, zeU.

Deffnition 1,9. Let L > O, n e N6. Denote by ZIL tlne operator given by
91" :.d - d,

qln f (z) = Q- L) 9n f (z) + LI" f (z),2 eU.

Rernark 1.4. If f e& and. f (") = z + i ou"u, th",
h=2

r"f (z)= z+i#zh,

(1.7) e r f @ = z + i lu" 
<t - u. ofilapzh, z e(r.
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Definition 1.10. Let /,g e -H(U), f (z)- z+ la7,zk, g(z) - s a lbe"k.111n"
convolution (or Hadamard producti oftne frinitioos / anil g is h=.'n""a uv

( 1.8) (f x g)(2) = 2 a lapbpzh = (g x f)(z).

The modified Hadamard product is (a01, t921, t95l)

(1.e) (f a dQ) = z - | apbpzh = (s a f)(z).
h=2

Definition 1.11. Ruscheweyh [90] defined the derivaLit e !]t'r :& -.4 by

(1.10) 9r[(z\=- 
= 

*lk),(y>--!t. Ied. zeu.' (7- z)Y

In the particular case n € No

(1.11) .6'ln f (z) --
ze"-tfeD@\

nl
The symbol9" f (z) (n e No) was called the n-th order Ruscheweyh deriva-

tive of/(z) by Al-Amiri [2]. It is easy to see that

4to f("\ -- f(.\,

QLf(z)--zf'(z),...

(n + l) at!"+\ f (z\ = z (9" f (z))t+n9f"f Q),2 ell .

Remark 1.5. If f e & and f (z) = z + i ou"u, thn,
h=2

(1.12)
$ (n+F-l)! * .F llh+nJ h9,f{?\=z+) -. .--::otz =z+ > .n>-1, zeU,
fr nltk-7tl i-=zf @ -r l)f (k) "

or

(1.13) 9'f(zt= z+L6tu,k)ahzh. where
ln.+h-7\

d(n,fr)= 
| " )

zh .z efJ. z€u,
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Deffnition 1.12. tbl Lel il. > 0,n e N6. Denote by gg" the operator given by
AQn :& - &,

9?9n f (z)= (L- L)9" f (4+ Lq" f G),2 eU.

Renark 1.6. If f ed and f(z)=z+iou"u, th",
h=2

(1.14) sq"fe)=z+i{rr-,tr9l1:1I +Ah,,lanzh,zeU.

Defnition 1.13. [4]
Forf e &,L> O and zeN6, the operator gl is d,efinedby gi:e _.A,

oflf{.t = flz),

qlf e)=$- tlf e)+ Lzft(z)= elfe),...
g"+1 y1z1 = 1t - L) 9I f @ + Lz @f f @), = qL @f f e)), z e u

Remark 1.7. If f e& and f (z)=z+iou"u, thn,

(1.15) 9I f G) = " 
+ f Ir +{a - r),r1" apzk, z e IJ.

Remark 1.8. For ),=L in the aboue d.efinition we obtain the Sdldgean differ_
entiq,I op erq.t or [9 4].

Deffnition I'l4. Lety,A>0,2e N6. Denote by gg7" the operator given by
9297":.a/ - d,

.9?qLn f (z) = (t-y),r,2" 1121+ y7if k),2 eU.

10


